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Statistics Meets Experimental Science

sConduct an experiment to gather
(noisy) data

o Physical (e.g., in a physics lab)

o Social (e.g., questionnaires)

=Use theory to generate some
guestions about data

o Physical (e.g., gravitational fields)
o Social (e.g., people give inconsistent F _ Gmlm2
answers) o 2
i r
=Design a computation to help

answer questions about data Use equations and
observations to
determine global
constants
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=Can’t afford a field trip to the moon,
so consider, instead, a spring...



https://www.youtube.com/watch?v=dCoU0NHxAp8

This Kind of Spring

k=35000N/m
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Hooke's Law ? Poll!

=Robert Hooke (1635-1703)
o Discovered law of elasticity

> Led to invention of balance spring,
which led to first accurate watch

o Huge believer in running experiments
and then building models

o “The truth is, the Science of Nature
has been already too long made only
a work of the Brain and the Fancy: It
is now high time that it should return
to the plainness and soundness of
Observations on material and obvious
things.”

77
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Hooke's Law

Why the -’? Because deflection in
nf = 'kd opposite direction to force

it L I\
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Finding k: Some Data

Mass (kg) Distance (m)

0.1 0.0865
0.15 0.1015
0.2 0.1106
0.25 0.1279
0.3 0.1892
0.35 0.2695
0.4 0.2888
0.45 0.2425
0.5 0.3465
0.55 0.3225
0.6 0.3764
0.65 0.4263
0.7 0.4562
0.75 0.4502
0.8 0.4499
0.85 0.4534
0.9 0.4416

0.95 0.4304
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Taking a Look at the Data

def plotData(fileName):
xVals, yVals = getData(fileName)
xVals = pylab.array(xVals)
yVals = pylab.array(yVals)
xVals = xVals*9.81
pylab.plot(xVals, yVals, 'bo’,
label = 'Measured displacements')
labelPlot()

A reminder/primer about python arrays:
« Converts a list into a linear data structure
« Can treat arrays algebraically; e.g., if a and b are arrays, then:
e« a*2 multiplies every element of a by 2
e a+3adds3toeveryelement of a
e a-—bsubtracts each element of b from corresponding element of a
« a*b multiplies each element of a by corresponding element of b
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Taking a Look at the Data
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Questions?




What Can We Do With This Data?

=\We’ve run an experiment

0.50

=\We can relate observations to
measurements

(distance d vs. force F) £ 03s)

20.30—
=Our theory predicts a Y 05|
relationship between & 020]

observations and
measurements (F = -kd)

=Can we use these
measurements to determine k
and to validate model?
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Measured Displacement of Spring

|Force| (Newtons)
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Fitting Curves to Data

=When we fit a curve (or model) to a set of data,

we are finding a fit that relates an independent variable
(the mass or force)

to an estimated value of a dependent variable

(the distance)

=To decide how well a curve fits the data, we need a
way to measure the goodness of the fit — called the
objective function (aka loss)

=Once we define the objective function, we also need
an algorithm to find the curve that minimizes it

=Back to optimization!
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Fitting Curves to Data

«Side note: also the main approach in Al/Machine
learning these days

B Convolution & ReLU M Fully connected & RelLU
M Max-pooling Fully connected & softmax
/ /

N /N

32x48x1 32 X 48 x 32 16 x 24 x 32 16 x 24 x 64 8x12x64 1x1x2048 1x1x32 1x1x4
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Least Squares Objective Function

len( observed)-1

Y (observed|i]- predictedi]y

=0

sWhy square? POLL!




Solving for Least Squares

len(observed)-1
(observed[i]- predicted|i])’
i=0
=sSimple example:

o Use a degree-one polynomial,
as model of data (best fitting line)

=\Want to find
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Solving for Least Squares

len(observed)-1
(observed[i]- predicted|i])’
i=0
=sSimple example:
o Use a degree-one polynomial, y = ax+b,
as model of data (best fitting line)

=\Want to find values of a and b such that
len( observed)-1
(observed|i]- a* X[ i]- b)’
i=0
is minimized, where x/i] is the ith data point, and
observed([i] is the corresponding measured value.
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Demo: manual optimization

Least squares

Sum of square difference : 50.5




Questions?




Finding the best curve (simplest case)

o Set of all possible lines can be
represented by points in a-b
space
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Finding the best curve (simplest case)

Set of all possible lines can be
represented by points in a-b
space

Imagine a surface in this space,
where height is value of the
objective function

Starting at any point on the
surface, walk “downhill” (step
along gradient), until you reach
the “bottom”

Corresponding point is best line
to fit to data (for least squares
optimization, space is convex)
Can generalize to higher order
models
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Some nice properties of linear regression

=sObjective surface using sum-of-squared-differences is

differentiable
> Means we can compute gradient direction analytically
and use to efficiently compute next step in optimization

=Objective surface in this case has a global minimum
°c Means there is always a unique best fit

o Easy to solve for (linear system)
> Minimum: We want the derivative to be O

o Derivative of a quadratic is linear
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len(observed)-1

Derive it! =Minimize E (observed[i]- a* X{i]- by’

=0




CURVE-FITTING METHODS
AND THE. MESSAGES THEY SEND

Questions?

s https://xkcd.com/2048/ ‘/

" "HE,IDDA CUBNTEDA CRED  LOOK, IS

REGRESSION.” LINE, 50 T MADE ONE TAPERING OFF!"
UITH MATH"
I \ | AL . | A J .
‘ » . . l\’ N . .
‘ | . | .
. . | . o:o
‘ | .« * . ' . .:' :: .
“LOOK, IT'S GROVING *TM SOPHISTICATED, NOT “IM MAKING A
UNCONTROLLABLY™ LIKE THOSE BUMBLING SCATTER PLOT BUT
POLYNOMIAL PEOPLE." I DON'T WANT 10!

| -

*T NEED TO CONNECT ESE  “USTEN, SCENCE IS HARD. "L HAVE. A THEORY,
TU0 UNES, BUT MY FRSTIDEA  BUT T A SERIOUS AND THIS 15 THE ONLY
DIDN'T HAVE ENOUGH MATH®  PERSON DONG MY BEST®  DATA T COULD FIND.

“T CLICKED "SMOOTH "AS YOU CPN SEE, THIS
LINES IN EXCELT TO CLEAN UP THE DATA. MODEL SMOOTHLY FiTs
WHAT DO YOU THINK?" THE- WIAIT MO MO DONT

EXTEND IT ARARAAY"



https://xkcd.com/2048/

polyFit

=Good news is that pylab provides built in functions to
find these polynomial fits

=pylab.polyfit(observedX, observedY, n)

finds coefficients of a polynomial, of degree n, that
provides a best least squares fit for the observed data

cn=1-bestline y=ax+b
°n =2 - best parabola y=ax2+bx+c
o n =3 - best cubic y=ax3+bx2+cx+d
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Using polyfit

def fitData(fileName):
xVals, yVals = getData(fileName)
xVals = pylab.array(xVals)
yVals = pylab.array(yVals)
xVals = xVals*9.81
pylab.plot(xVals, yVals, 'bo’,
label = 'Measured points')
labelPlot()
a,b = pylab.polyfit(xVals, yVals, 1)
estYVals = a*pylab.array(xVals) + b
print('a =, a, 'b =, b)
pylab.plot(xVals, estYVals, 't
label = 'Linear fit, k =
+ str(round(1/a, 5)))
pylab.legend(loc = 'best’)
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Using polyfit

def fitData(fleName):

xVals, yVals = getData(fileName)

xVals = pylab.array(xVals)

yVals = pylab.array(yVals)

plotData | xVals = xVals*9.81 nore that

pylab.plot(xVals, yVals, 0o/, array is redundant
label = 'Measured points’) here

_|labelPlot()
a,b = pylab.polyfit(xVals, yVals, 1) /
estYVals = a*pylab.array(xVals) + b

print('a =, a, 'b =, b)
pylab.plot(xVals, estYVals, 't

label = '‘Linear fit, k =

+ str(round(1/a, 5))) :
pylab.legend(loc = 'best') \ RFe Tignber Hooke:
Here plotting d = aF
Sok=1/a
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Visualizing the Fit

Measured Displacement of Spring

® Measured points
= | inear fit, Kk = 21.53686
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Version Using polyval

def fitData1(fileName):

xVals, yVals = getData(fileName)

xVals = pylab.array(xVals)

yVals = pylab.array(yVals)

xVals = xVals*9.81 #get force

pylab.plot(xVals, yVals, 'bo’,
label = 'Measured points')

labelPlot()

model = pylab.polyfit(xVals, yVals, 1)
estYVals = pylab.polyval(model, xVals)

pylab.plot(xVals, estYVals, 't
label = 'Linear fit, k =
+ str(round(1/model[0], 5)))
pylab.legend(loc = 'best’)
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polyval will
apply model
to xVals for
any order of
model




Quick Summary So Far

=Ran an experiment to gather data

sTheory predicts relationship between
measurements (displacements) and
experimental parameters (masses or

forces)

sLinear regression lets us fit best model
(line in our case) to observed data

o Best here means minimize sum squared
error between observed and predicted

values

=So, let’s apply this idea to other data...
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Questions?

I ASSIGNED QUESTIONS
1 THROUGH 20, YET
YOU ONLY DID GUESTIONS

1, 5, 10, 15 AND 20.

e\ 17/ |

1 FGURED You CouLD
PLOT MY RESULTS, FiND
THE BEST-FITTING CURVE,
AND EXTRAPOLATE HOW
I'D Do oN THE OTHERS.

ICAN'TDECDE F  You
YOU'RE STUPD OR CcouLD
BRILLANT, PETER. SPLIT
‘\\‘/,;: I M W'
FERENCE AND




Another (Mystery) Experiment

350 | Mysterly Data

300 ) -
250 -
200 @ .
150 | .
100 | o .

50_ . . .. |

—50} -

—-100 | | |
-10 -5 0 5 10
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Fit a Line

350 | Myster[y Data

300p -
250 -
200} @ -
150+ -
100 eeeee—————

50—' . . .. |

=50+ |

-100 | 1 |
—-10 -5 0 5 10
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Let’s Try a Higher-degree Model

model2 = pylab.polyfit(xVals, yVals, 2)
pylab.plot(xVals, pylab.polyval(model2, xVals),
r--', label = 'Quadratic Model')
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Let’s Try a Higher-degree Model

model2 = pylab.polyfit(xVals, yVals(2)
pylab.plot(xVals, pylab.polyval(model2, xVals),
r--', label = 'Quadratic Model')

Note that this is still an example of linear regression,

even though we are not fitting a line to the data (in this

case we are finding the best parabola)

* Objective function depends linearly on unknowns,
which are the coefficients of the polynomial
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Let’s Try a Higher-degree Model

model2 = pylab.polyfit(xVals, yVals(2)
pylab.plot(xVals, pylab.polyval(model2, xVals),
r--', label = 'Quadratic Model')

Note that this is still an example of linear regression,
even though we are not fitting a line to the data (in this

case we are finding the best parabola)
* Objective function depends linearly on unknowns,
which are the coefficients of the polynomial

len(observed)—1
z (observed[i] —a * x[i]* — b = x[i] — ¢)

=0
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What is linear in linear least squares?

=Most importantly refers to model parameters, not input
(independent variables)

= The parameters are used without exponent or cross-
multiplication

se.g. ax"3+bx"2+cx+d is still linearina, b, ¢, d
=aX + abx + a*2xis not linearinaand b

«Fitting a quadratic polynomial (or any degree) is still
linear regression

=(the term linear regression is often used for fitting lines,
but sometimes to mean linear in parameters. It’s messy)



Quadratic Appears to be a Better Fit

Mystery Data

350 , I
® Data Points
300p = | inear Model B
X = == Quadratic Model |;
250 s il
\‘ " q
200 .‘ 'c |
“ ® 'o
150} g . a
o o
$‘ .'0
$‘~ . ‘0
50 — A4 P _
® 9 ,~ ® ?o'
L J L
O B ~ . '. m® w |
° ®

-50} B

_100 | | |

—-10 -5 0 5
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Questions?

=« https://xkcd.com/605/

My HOBBY: EXTRAPOLATING

AS YOU CAN SEE, BY LATE
NEXT MONTH YOU'LL RAVE
OVER FOUR DOZEN HUSBANDS,
BETTERGET A

BULK RATE ON
WEDDING CAKE.




How Good Are These Fits?

Mystery Data

8000 , I
L4 @® Data Points
. = | inear Model
6000 - ' = = = Quadratic Model []
P
“ . "
4000 |- * K¢ §
“‘ ." .
‘.
. L4 .
2000 hN [ v, ]
’Q, (] ® ".
oe -~ '¢'
o} “ve" 1
®
—2000+ 7]
—4000 ' ' ' ' '
—-60 —-40 -20 0 20 40 60

sHow good are they relative to each other?

sHow good are they in an absolute sense?
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Comparing Mean Squared Error

def aveMeanSquareError(data, predicted):
error =0.0
for i in range(len(data)):
error += (datali] - predicted]i])**2
return error/len(data)

estYVals = pylab.polyval(model1, xVals)

print('Ave. mean square error for linear model =/,
aveMeanSquareError(yVals, estYVals))

estYVals = pylab.polyval(model2, xVals)

print('Ave. mean square error for quadratic model =/,
aveMeanSquareError(yVals, estYVals))

6.0002 LECTURE 9




Comparing Mean Squared Error

def aveMeanSquareError(data, predicted):
error =0.0
for i in range(len(data)):
error += (datali] - predicted]i])**2
return error/len(data)

estYVals = pylab.polyval(model1, xVals)

print('Ave. mean square error for linear model =/,
aveMeanSquareError(yVals, estYVals))

estYVals = pylab.polyval(model2, xVals)

print('Ave. mean square error for quadratic model =/,
aveMeanSquareError(yVals, estYVals))

Ave. mean square error for linear model =9372.73078965
Ave. mean square error for quadratic model = 1524.02044718

Given this improvement in mean squared error from linear to
guadratic model, is there something even better?
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In an Absolute Sense

=Mean square error useful for comparing two different
models for the same data

sls it also useful for getting a sense of absolute goodness of
fit?
°|s 1524 good?

> Poll
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In an Absolute Sense

=Mean square error useful for comparing two different
models for the same data

sls it also useful for getting a sense of absolute goodness of
fit?
°|s 1524 good?

sHard to know — no bound on values; not scale independent
o For example, if we double the masses, get double the error
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R/A2: coefficient of determination

=Instead we use coefficient of determination, R,

y, are measured values
p, are predicted values

u is mean of measured values
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R/A2: coefficient of determination

=Instead we use coefficient of determination, R,

Yi(vi — pi)? <— Error in estimates

iy — p)? <— Variability in
measured data

R* =1

y, are measured values
p, are predicted values

u is mean of measured values
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Yi(yvi — pi)?
2 R2=1-
R iy — n)?

=By comparing the estimation errors (the numerator)

with the variability of the original values (the
denominator),

R2 captures the proportion of variability in a data set
that is accounted for by the model

=Said differently: compare model to a constant model

=(the mean is the best constant estimate
under least squares)
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Xivi — pi)?

2 R2 =1-
R Li(yi — n)?

sBetween 0 and 1 when fit generated by a linear
regression™® and tested on training data
o |f R2=1,

° If R2 =0,

o If R2=10.5,

* assuming the model has a constant term
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R2

sBetween 0 and 1 when fit generated by a linear
regression™ and tested on training data
o If R2 =1, the model explains all of the variability in the
data.
o [f R2=0,
there is no relationship between the values predicted by
the model and the actual data.
(no better than constant prediction)
o If R2=0.5,
the model explains half the variability in the data.

* assuming the model has a constant term
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Testing Goodness of Fits

def genFits(xVals, yVals, degrees):
models =]
for d in degrees:
model = pylab.polyfit(xVals, yVals, d)
models.append(model)
return models

def testFits(models, degrees, xVals, yVals, title):
pylab.plot(xVals, yVals, '0', label = 'Data’)
for i in range(len(models)):
estYVals = pylab.polyval(models]i], xVals)
error = rSquared(yVals, estYVals)
pylab.plot(xVals, estYVals,
label = 'Fit of degree \
+ str(degreesJi])\
+ ', R2 ="' + str(round(error, 5)))
pylab.legend(loc = 'best’)
pylab.title(title)
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How Well Do Fits Explain Variance?

350 , Mysterly Data

I

® Data
300p === Fit of degree 1, R2 =(0.00049 s
== Fit of degree 2, R2 =(0.83748

250

200

150

100

50

—50 -

—-100 | | |
-10 -5 0 5 10
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Can We Do Better?

=Saw that linear fit was poor — both visually and
through R2 measure

=Saw that quadratic fit was better — again both visually
and through R2 measure

=What about fitting higher order polynomials to data?
°c Degree 4?
°c Degree 8?
°c Degree 167
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Can We Get a Tighter Fit?

350,

Mystery Data

I

® Data
== Fit of degree 2, R2 = 0.83748
== Fit of degree 4, R2 = 0.84895

Fit of degree 8, R2 = 0.
Fit of degree 16, R2 £ 0.96553 [)
_—

300

250

200

150

100
50 L Does this mean that a
16th order polynomial is
0 the best fit for the data?
—50 |
o
—100 ' | |

—-10 -5 0 5 10
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Questions?

s https://xkcd.com/1725/

R%0.06

REXTHOR, THE DOG-BEARER

T DONT TRUST LINEAR REGRESSIONS WHEN ITS HARDER
0 GLESS THE DIRECTION OF THE CORRELATION FROM THE
SCATTER PLOT THAN TO FIND NEW CONSTELLATIONS ON IT.



https://xkcd.com/1725/

Does Tightest = Best?

=sLooks like an order 16 fit is really good — so should we
just use this as our model?
> To answer, need to ask — why build models in first place?

= 1) Help us understand process that generated the data
o E.g., the properties of a particular linear spring

= 2) Help us make predictions about out-of-sample data

o E.g., predict the displacement of a spring when a force is
applied to it

o E.g., predict the effect of treatment on a patient
o E.g., predict the outcome of an election

=A good model helps us do both of these things
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How Mystery Data Was Generated

def genNoisyParabolicData(a, b, c, xVals, fName):
yVals =[]
for x in xVals:
theoreticalVal = a*x™2 + b*x + C
yVals.append(theoreticalVal + random.gauss(0, 35))
f = open(fName,'w') \
f.write('x y\n’) Zero mean, Gaussian noise
for i in range(len(yVals)):
f.write(str(yVals[i]) + ' ' + str(xVals][i]) + "\n')
f.close()

xVals = range(-10, 11, 1)
a,b,c=30,0
genNoisyParabolicData(a, b, c, xVals, 'Mystery Data.txt')

If data was generated by
quadratic, why was 16th order Because it fit the noise.
polynomial the “best” fit?
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Increasing the Complexity

sls it just luck that we got a “better” fit on training data
with higher order model?

=What happens when we increase order of polynomial
during training?
o Can we get a worse fit to training data?

=« |f extra term is useless, coefficient will merely be zero

=But if data is noisy, can fit the noise rather than the
underlying pattern in the data

> May lead to a “better” R2 value, but not really a “better”
fit
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The Take Home Message

=Choosing an overly-complex model leads to overfitting
to the training data

sIncreases the risk of a model that works poorly on data
not included in the training set

=On the other hand choosing an insufficiently complex

model has other problems
> As we saw when we fit a Ilne to data that was basically

parabolic
- EVERYTHING SHOULD BE MADE
AS SIMPLE AS POSSIBLE

BUT NOT

”* SIMPLER
//M%M
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One Last Thought

=Alternatively, search for point at which to break data into
two sets, and fit model to first set of data but fit constant
line to second set; look for break that minimizes sum of

residual error in both narts
Measured Displacement of Spring

0.50
Tn\ 0.45 [ %
5 0.40| :
@ 035} ]
£ 030} -
8 0.25F ]
% 0.20} @® Measured points .
+0.15} o Measurfgd :()oints |
iy mm= | inear fit, k = 15.45337
0 0.10} e | inear fit,, k = 2.25352 |]

0.05 ‘ 1 I :

0 2 4 6 8 10
|Force| (Newtons)

=R2 value for lower part now .9539; without break, have R2
of .8815

6.0002 LECTURE 9




Wrapping Up Curve Fitting

=We can use linear regression to fit a curve to data
> Mapping from independent values to dependent values

=That curve is a model of the data that can be used to
predict the value associated with independent values
we haven’t seen (out-of-sample data)

=R-squared used to evaluate model
o Higher not always “better” because of risk of over fitting

=sChoose complexity of model based on
° Theory about structure of data

o Cross validation
o Simplicity
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Occam'’s Razor

= “Frustra fit per plura quod potest fieri per pauciora”
o “It is futile to do with more things that which can be done

with fewer”

sAmong competing hypotheses, the one with the
fewest assumptions should be selected

William of Occam
1287-1347
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Time!




Quiz?

=|If a miracle occurs, we still have time for cross
correlation




Training versus Testing

=One way to separate out impact of noise is to take
advantage of fact that noise will typically be different
each time we sample a system

=S50 can cross validate:
o Generate a set of data as a “training” set, and use to fit a
model

o Generate a second set of data as a “test” set, and see
how well the model from the training set accounts for the
test set
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Generate 2 Data Sets fromn Same Distribution

xVals = range(-10, 11, 1)

a, b, c =3, 0, 0

genNoisyParabolicData(a, b, ¢, xVals, 'parabolal.txt")
genNoisyParabolicData(a, b, ¢, xVals, 'parabola2.txt")

degrees = (1, 2, 16)

xValsl, yValsl = getData('parabolal.txt")

modelsl = genFits(xValsl, yValsl, degrees)
testFits(modelsl, degrees, xValsl, yValsl, 'Parabola 1)

pylab.figure()

xVals2, yVals2 = getData('parabola2.txt")

models2 = genFits(xVals2, yVals2, degrees)
testFits(models2, degrees, xVals2, yVals2, 'Parabola 2')
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350

300

250

200

150

100

50

=50

-10

Look at Fits

Parabola 1

|

1
® @ Data

=== Fit of degree 1, R2 = 2e-05
=== Fit of degree 2, R2 = 0.86088
=== Fit of degree 16, R2 =(0.9961

Parabola 2

I I

® @ Data

=== Fijt of degree 1, R2 = 0.00109
=== Fit of degree 2, R2 = 0.88736
=== Fit of degree 16, R2 € 0.9798

1UU -

—100

-10
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Training and Testing Errors

testFits(modelsl, degrees, xValsl, yValsl, 'Parabola 1")

testFits(modelsl, degrees, xVals2, yVals2,
"Apply Parabola 1 Model to Parabola 2')

350 [ Parab{ola e : 400 Apply Parabola 1 Model to Parabola 2
| I I
oo D.ata ® @ Data
300 === Fit of degree 1, R2 = 2e-05 J = Fit of degree 1, R2 = -0.00518
250 = Fitof degree 1€RZ2 = 0.9962 ° — Fit of degree 16, R2 = 0.6996 o
200+ |
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100 B 100
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_50 | | | _100 | | |
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The Moral of the Story

=16-degree polynomial is an
example of overfitting to the
data

=|f we only look at how well
model fits training data, we
may not detect that model is
too complex

=Need to cross validate: Train
on one data set, then test on a
different one
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The Take Home Message

=Choosing an overly-complex model leads to overfitting
to the training data

sIncreases the risk of a model that works poorly on data
not included in the training set

=On the other hand choosing an insufficiently complex

model has other problems

> As we saw when we fit a Ilne to data that was basically
parabolic

- EVERYTHING SHOULD BE MADE
L AS SIMPLE RS POSSIBLE

BUT NOT

”* SIMPLER
//M%M
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