
Markov Decision Processes



Markov Decision Process

• Incorporates decision making into HMMs.  

• Add “actions” 

• Add “rewards” 

• Find a “control policy” — triggers an action at any 
given state resulting in behaviors that maximize the 
“total reward” collected over time (such reward 
maximizing control policy is called “optimal”).  

• We will formalize MDP in this lecture 

• We will describe an algorithm that computes an 
optimal control policy. A Markov Decision Process describing a college student's hypothetical situation.

https://optimization.cbe.cornell.edu/index.php?title=Markov_decision_process



MDP - formalizedMarkov Decision Processes (MDPs)

A Markov Decision Process (MDP) is a problem described by a tuple
M = (S ,A,P ,R , �), where

• S is a finite set of states
• A is a finite set of actions
• P : S ⇥ A⇥ S ! [0, 1] is transition probability distribution, i.e.,
P(s 0|s, a) is the probability that the system transitions into state
s 0 when the system is in state s and action a is taken.

• R : S ! R is a reward function;
and the problem is to find a policy ⇡ : V ! A such that

V⇡(s) := E
" 1X

t=0

�tR(st)|s0 = s

#

is maximized for all s 2 S .

In this case, s0, s1, s2, . . . is a sequence of random variables, where
given si the random variable si+1 is distributed P(si+1|sk , µ(sk)).
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Value Iteration: Finite Horizon Case

• We would like to prove the correctness of value iteration. It is slightly easier,
if we consider a finite-horizon variant of the problem.

• Consider a slightly modified problem with a finite horizon H. That is, we
would like to maximize, for all s 2 S , the following:

V⇡(s) = E
"

HX

t=0

�tR(st) | s0 = s

#

where the policy is potentially time dependent: ⇡ = (⇡0,⇡1, . . . ,⇡H�1).

• Let’s try to construct an algorithm to solve this case.
• At the core of our algorithm will be backtracking from the goal.
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*In some formulations, Reward R may depend on the state and the action chosen at that state: R(s,a) - as in the example in the previous slide 
** This of  as a number strictly between 0 and 1 that is applied to each state transition and discounts the future rewards  

 when compared to near term rewards 
γ

S



Can you formulate an MDP for a 3x3 grid world?

• An agent is traveling in the grid world. It can move 
up, down, left, right.  

• Transition probabilities: 

• 80% chance of moving in the intended direction 

• 10% chance of veering to the left 

• 10% chance of veering to the right 

• Reward:  

• Would like to penalize getting into the slippery area 
in the center 

• Would like to reward getting into the goal area 

• What else? 

• What are the states? 

• What are the actions? 

• What is the reward function?  

• What does the policy look like? 



Value Iteration Solves the MDP: Finite Horizon Case

• How does this algorithm? Why does it solve 
our problem? 

Value Iteration: Finite Horizon Case

• Let us define the value function V ⇤
k
(·) as follows:

V ⇤
k
(s) := max

⇡
E
"

HX

t=k

�t�kR(st) | sk = s

#

• Consider the following algorithm:

Value Iteration with Finite Horizon

1 VH(s) 0 for all s 2 S ;
2 for k = H � 1,H � 2, . . . , 1, 0 do

3 for all s 2 S do

4 Vk(s) max
a2A

⇥
R(s) + �

P
s02S

P(s 0|s, a)Vk+1(s 0)
⇤
;

• Note that the algorithm computes the solution starting from the final time
backwards (essentially, it works backwards from the “goal”).
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Value Iteration Solves the MDP: Infinite Horizon Case

• How does this algorithm? Why does it solve 
our problem? 

Value Iteration: Infinite Horizon Case

• Now, let us recall the value iteration algorithm for the infinite-horizon case:

Value Iteration

1 V0(s) 0 for all s 2 S ;
2 for k = 1, 2, . . . do

3 for all s 2 S do

4 Vk+1(s) max
a2A

⇥
R(s) + �

P
s02S

P(s 0|s, a)Vk(s 0)
⇤
;

• Define the value function V ⇤(·) as follows: V ⇤(s) = V⇡⇤(s) for all s 2 S ,
where ⇡⇤ is an optimal policy that solves the MDP.

• The following theorem can be shown:

Theorem: Convergence of value iteration

We have limk!1 Vk(s) = V ⇤(s) for all s 2 S .
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Markov Decision Processes (MDPs)

A Markov Decision Process (MDP) is a problem described by a tuple
M = (S ,A,P ,R , �), where

• S is a finite set of states
• A is a finite set of actions
• P : S ⇥ A⇥ S ! [0, 1] is transition probability distribution, i.e.,
P(s 0|s, a) is the probability that the system transitions into state
s 0 when the system is in state s and action a is taken.

• R : S ! R is a reward function;
and the problem is to find a policy ⇡ : V ! A such that
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�tR(st)|s0 = s

#

is maximized for all s 2 S .
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Back to the College Student Example

A Markov Decision Process describing a college student's hypothetical situation.



Partially-observable Markov Decision ProcessesPartially-Observable Markov Decision Processes (POMDPs)

The dynamical system is represented as follows:
• S : a finite set of state;
• A: a finite set of actions;
• O: a finite set of observations;
• P : S ⇥ A⇥ S ! [0, 1] is the transition probabilities;
• Q : S ⇥ A ! [0, 1] is the observation function.

The agent does not know the state, but gets noisy observations of the state.

• This time we would like to find a policy ⇡ : (o1, o2, o3, . . . , ok) 7! a,
which depends on the history.

• Hence, the set of all policies is much larger than the set of all policies for
MDPs. (There are smart algorithms to search over these policies. But, no
polynomial-time algorithm.)

• Unfortunately, this dependence on history makes the problem computationally
challenging. The POMDP problem is PSPACE-hard!
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The policy must depend on the history: 
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Typically we intend to maximize state dependent reward: R(s) or R(s,a)



POMDPs and Belief States

• Belief is a distribution over all states! 

• Policy can be a mapping from a “belief 
state” to an action - instead of a mapping 
from a history of observations!

Belief-state MDP

• Belief is a distribution on the set of all state.
• Turns out the set of all beliefs is a sufficient statistic. There are a number of

ways to formalize this. One way is the following:

Let B denote the set of all probability distributions over S . (Note
that this is a finite-dimensional continuum set, when S is a finite
set.) A policy is a mapping from B into A. Let ⇧ denote the set
of all such policies. Then ⇧ contains an optimal policy.

• Hence, we can formulate a Belief-state MDP, where B is the set of all states
of our MDP.

• Note that the state space of the belief-space MDP is not finite any more.
But, we can solve this MDP by discretizing the state space. – The resulting
algorithm has exponential running time in the number of states of the
original POMDP.

• There are a number of algorithms that use the notion of belief space, and
solve POMDPs in an effective manner. (Although none of these algorithms
are polynomial time.)
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