
Dijsktra’s Algorithm & Sampling-based Algorithms



Recall: Computing Shortest Paths

• Shortest Paths: 

• Given:  

• A graph with weights on the edges: 

• A start vertex and a goal vertex: 

• Find the shortest path that connects 
start vertex to the goal vertex
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G = (V, E) c : V → ℝ

vs, vg ∈ V

(v(1), v(2), …, v(k)) = arg min (
n

∑
i=1

c (v(i)))



Recall: Quick introduction to Dijkstra’s algorithm

Dijsktra’s algorithm: 

• Keep track of the cost to get to each 
vertex, and keep track of the ‘parent’ that 
gets to the vertex at the lowest cost.  

• Allow revisiting a vertex, if it lowers the 
cost to get to that vertex. Otherwise, 
operates much like the BFS. 

• Notice: The algorithm computes the 
shortest path from start vertex to every 
other vertex (not just the goal). 
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Recall: Quick introduction to Dijkstra’s algorithm

Dijsktra’s algorithm: 

• We will consider a “priority queue” where elements 
are according to cost-to-get-to-that-vertex  

• Initialize with adding all vertices to the queue with  

• Start vertex cost = 0 

• All other vertex cost = infinity 

• Repeat until the queue is empty:  

• Pull from the queue (the vertex with shortest 
cost), say vertex u 

• For each edge (u,v) going out from the vertex, 
compute the cost to get to v through u, and 
update the cost-to-get-to v, if the new route has 
lower cost.  

Boston

Phoenix

Providence

Chicago

Denver

New York

1

1

1

2

2

3

3

4

5



Recall: Quick introduction to Dijkstra’s algorithm

Dijsktra’s algorithm (in pseudo code) 

• Q: denotes the priority queue 

• Cost: denotes the cost to get to a vertex 

• Parent: denotes the parent vertex to get to a vertex through the shortest 
route 

• Initially, Cost and Parent will be incorrect. The algorithm will update Cost 
and Parent until convergence, and Cost will only decrease as the 
algorithm progresses.  

• Initialize:  

• For each vertex v in V: Insert v into Q with  

• Cost[v] = infinity  

• Parent[v] = Null 

• Cost[v] = 0 

• While Q is not empty: 

• u = Extract from Queue (Q) 

• For each edge (u,v): 

• If Cost[u] + c( (u,v) ) < Cost[v] 

• Parent[v] = u 

• Cost[v] = Cost[u] + c( (u,v) )
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Let’s do it on the board!
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Add all vertices to the queue
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Pull B from the Queue
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Pull B from the Queue 
Consider updating cost to get to Pr and Ny
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Pull Pr from the Queue 
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Pull Pr from the Queue 
Consider updating cost to get to Ny 

(Notice that the cost to get to Ny does not 
change. Going from Boston to Ny directly 
costs 2 units which is less than the cost 3 units 
of going from Boston to Ny through Pr .)
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Pull Ny from the Queue 
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Pull Ny from the Queue 
Consider updating cost to get to C
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Pull C from the Queue 
Consider updating cost to get to D and Ph
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Pull D from the Queue 
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Pull D from the Queue 
Consider updating cost to get to Ph and Ny 

(Notice that the cost to get to Ph goes down. 
Before the update: Cost to get to Ph through C is 
10. After the update: Cost to get to Ph through D is 
9. Hence, we update the cost to get to Ph and also 
update the Parent of P to D.) 

(Notice that the cost to get to Ny is more when we 
go through D (12 units) as opposed to going 
directly from B (2 units). So the parent for Ny does 
not change.)
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Pull Ph from the Queue 

(It has no outgoing edges. So there is 
nothing to do.)
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

The queue is empty. We are done!  

Notice that we computed the shortest path to 
go from vertex B to all other vertices, 
including Ph. 

To find the the shortest path from B to any 
vertex v, you can start from v and then trace 
back the trajectory following the parents
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Recall: Quick introduction to Dijkstra’s algorithm

Example 

Notice that the Dijsktra’s algorithm ultimately 
turns the graph into a tree that encodes. 

This structure has no directed cycles!
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Recap: Shortest Paths and Dijsktra’s algorithm

• Shortest path computation is 
a generalized version of 
Breadth first search, as it 
searches the “frontier” in 
increasing cost to go. 
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Recap: Shortest Paths and Dijsktra’s algorithm

• Shortest path computation is 
embedded and essential in 
numerous problems in 
autonomy and robotics (as 
well as far outside of these 
fields).
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Sampling-based Planning Algorithms



Planning on a Local Map

• The “deliberative planning” process plans across 
discrete spaces or tasks. There are a finite amount of 
options (vertices) that we need to consider.  

• When we think about “perceptive planning” we need 
to consider “continuous spaces”. The vehicle can be 
anywhere on the map. 
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Searching continuous spaces

• The key question for this session will be regarding how 
we search continuous spaces!  

• Recall our animation from the first lecture (on the right) 

• Lets formalize this set of randomized algorithms.  

• Note that there are several other algorithms that can 
operate on continuous spaces. We are going to look at 
sampling-based algorithms today, mostly because they 
are relatively easier to implement

Rapidly-exploring Random Tree 
(RRT) for Motion Planning
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Ty
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More on Motion Planning Algorithms

• Extensive coverage of the literature  
   (until 2007).


• Includes problem definitions, computational 
hardness results,  
and algorithmic approaches.


• The book is freely available online at: 
http://planning.cs.uiuc.edu

http://planning.cs.uiuc.edu


Intuition for Motion Planning

• What series of motions will get the robot to the goal?


• Are there cases in which no such motion exists?

2

Motion Planning Intuition
• What series of motions will get robot to goal?

• Are there cases in which no such motion exists?
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Bug Algorithm (for Point Robots)
• Simple algorithm based on four assumptions:

– Perfect knowledge of direction and distance to goal
– Ability to distinguish freespace from obstacle contact
– Ability to move along an arbitrary obstacle boundary
– Ability to detect whenever a location is revisited

• Which assumptions are strong? Weak?

Start Goal
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Algorithm 1: The Bug Algorithm

• Algorithm: 

• Repeatedly advance toward goal 


• Upon encountering an obstacle: Completely circumnavigate it counter-clockwise, then 
                                                     depart from point P that minimizes distance to goal.
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Bug Motion Planning Algorithm
• Repeatedly advance toward goal
• Upon encountering an obstacle:

– Completely circumnavigate it counter-clockwise, then 
depart from point P that minimizes distance to goal

• Advantages? Drawbacks?

• Many variants: Bug2, BugDist, BugTangent…

Start Goal

P

Complete Motion Planning
• Formal statement of motion planning problem:

– Compute a collision-free path for a rigid or articulated 
moving object among static (or dynamic) obstacles

• Ideally we desire a “complete” motion planner:
– If a solution exists, planner is guaranteed to return it
– Otherwise, planner indicates that no solution exists

• CMP is known to be computationally intractable
– In general it requires exponential running time in the 

number of DOFs (articulation, # of obstacles etc.)
– … Even with access to perfect, global information!

Are there any problems with this approach?



Algorithm 2: Visibility Graphs

• Visibility graphs can be utilized in 2D.

5

Off-Line Motion Planning

Start

Goal

• Today, we’ll make some strong assumptions:
– Robot has perfect map of start, obstacles, goal 
– Robot can localize itself globally with no error

Observation

Start

Goal

• Suppose all obstacles are polygons.
• If there exists a collision-free path from start to

goal, then there exists a piecewise-linear path 
involving only start, goal and obstacle vertices
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Visibility Graph Algorithm
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• Construct graph G = (V, E)
– V = {obstacle vertices} υ {Start, Goal} 

Visibility Graph Algorithm
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– V = {obstacle vertices} υ {Start, Goal}
– E = edges (vi, vj) disjoint from obstacle interiors
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– V = {obstacle vertices} υ {Start, Goal}
– E = edges (vi, vj) disjoint from obstacle interiors

7

Find Shortest Path in Graph G
• Use Dijkstra’s algorithm rooted at start vertex

Start

Goal

Dijkstra’s Algorithm

1  function Dijkstra (G, w, s) // Graph G, weights w, source s
2     for each vertex v in V[G]            // Initialize d[ ], previous, S, and Q
3        d[v] := ∞                              // Vertex v is not yet reached
4        previous[v] := undefined //   … so there’s no path to it yet
5     d[s] := 0 // Source reachable with zero cost
6     S := empty set // Set of vertices reached so far
7     Q := set of all vertices // Set of candidate vertices
8     while Q is not an empty set              // While unreached vertices
9        u := vtx v in Q with minimum d[v] // O(n) search or Fibonacci heap
10       S := S union {u}                             // Vertex u reached
11       for each edge (u, v) // For each neighbor v of u
12          if d[u] + w(u,v) < d[v]         // If lower-cost path to v exists via u
13             d[v] := d[u] + w(u,v) //   … update cost to v
14             previous[v] := u                      //   … and update path record

Single-source Shortest Path

This algorithm is returns the shortest path!

• Algorithm: 

• Create a graph:


• Vertex set: all vertices on 
polygonal obstacles


• Edge set: all vertex pairs that 
can be connected by a 
straight collision free path


• Return the shortest path on this 
graph.



Reducing rigid bodies to a point:  
A brief introduction to Configuration Spaces

• We will focus on point robots (rather than rigid body), 
without loss of any generality.


• Configuration Space: Set of all configuration of the robot.


• What are the configuration spaces of the following robots? 

• In a number of examples (e.g., manipulators) 
the configuration space may be more complex

Configuration Space

• We can define the space of all configurations of a robot using manifolds.

• For example, consider the manipulator arm shown below:

• The set of all configurations can be described by S1 ⇥ S1 ⇥ S1 ⇥ (1, 2), where
S1 denotes one joint angle and the set (1, 2) denotes the gripper position.

• The configuration space, also called the C-space, is the set of all
configurations. We will denote the C-space by C.

• In the configuration space, the rigid body robot is reduced to a point. Its
geometry is abstracted away. All that is left is the geometry of the manifold
(up to homoemorphisms), in particular the dimension of the manifold. Turns

out the dimension of the manifold represents the number of degrees of

freedom, which is an important computational complexity indicator.
15

For most mobile robots, the set of all robot 
poses will be the configuration space:



Motion Planning in C-space

• Given robot and set of obstacles:


• Compute C-space representation of obstacles


• Find a (continuous) path from initial configuration to the goal configuration.


• The problem is simpler geometrically. But, we are not done.  
We still need to find a continuous path for a point robot.


• The idea of configuration space is attributed to Prof. Lozano-Perez.
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Back to Motion Planning
• Given robot and set of obstacles:

– Compute C-space representation of obstacles 
– Find path from robot start pose to goal pose (point)

• Unfortunately, we have a rather serious problem:
– We have constructed a representation of the obstacles
– But we need to search a representation of the freespace!

Computational Complexity
• The best deterministic motion planning algorithm 

known requires exponential time in the C-space 
dimension [Canny 1986]

• D goes up fast – already D=6 for a rigid body in 
3-space; articulation adds many more DOFs

• Simple obstacles have 
complex C-obstacles

• Impractical to compute 
explicit representation 
of freespace for robot
with many DOFs

• What to do?  Approximate and/or randomize.



Sampling-based Methods

• Key idea: Sample the configuration space and connect samples with 
trajectories to infer the connectivity of the free space.


• Probabilistic RoadMap (PRM) and the Rapidly-exploring Random Trees (RRT) 
are two of the widely used variants. 

390 THE INTERNATIONAL JOURNAL OF ROBOTICS RESEARCH / May 2001

Fig. 9. Rapidly exploring random trees of 13,600 nodes and solution trajectory for the planar body with unilateral thrusters
that allow it to rotate freely but translate only in the forward direction.

RRTs generated during the planning process, and Figure 11
shows one candidate solution found after a total of 16,300
nodes were explored. The average total computation time for
this case was approximately 1 minute. The tolerances used
for state connection were (εp = 0.1, εv = 0.1).

4. Three-Dimensional Body with Rotation (dim X = 12).
Finally, we show two results for underactuated rigid bodies
in a 3-dimensional world. These examples lead to a 12-
dimensional state space.

The first result is a fully orientable satellite model with
limited translation. The satellite is assumed to have momen-
tum wheels that enable it to orient itself along any axis and a
single pair of opposing thruster controls that allow it to trans-
late along the primary axis of the cylinder. This model has a
12-dimensional state space:
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The task of the satellite, modeled as a rigid cylindrical object
of radius 0.2 m and height 0.6 m, is to perform a collision-
free docking maneuver into the cargo bay of the space shut-
tle model amid a cloud of obstacles. Figure 12 shows
the trajectories explored during the planning process, and
Figure 13 shows a candidate solution found after 23,800 states



Probabilistic RoadMap (PRM) AlgorithmSampling-based Algorithms
Recall the PRM algorithm:

1 Sample N points uniformly at random from C;
2 Connect each pair with a straight trajectory;
3 Delete all vertices and edges that lies on the obstacle set Cobs;
4 Return the remaining roadmap G = (V ,E ).

Extension to systems with differential constraints:
• Notice that we can modify the algorithm to sample from X . Suppose we also

have a procedure (oracle) that returns a dynamically-feasible trajectory for
any two samples z1, z2 2 X . This oracle is called a steering algorithm. Then,
we can use the PRM directly to solve the motion planning problem.

• The steering algorithm must solve a boundary value problem for ODEs, which
is (unfortunately) analytically challenging.

• The Rapidly-exploring Random Tree (RRT) algorithm was proposed to
alleviate this problem.

5
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How do we generate dynamically-feasible  
trajectories that connect two states?



Rapidly-exploring Random Tree (RRT) Algorithm

Rapidly-exploring Random Tree (RRT) Algorithm

• The RRT algorithm incrementally grows a tree of trajectories.
• In each iteration, it samples the state space, computes the nearest vertex to

this sample, extends the nearest vertex towards the sample; and if the
extension is collision free, then it adds the new vertex into the graph.

Rapidly-exploring Random Tree

1 For i = 1, . . . ,N do
2 zrand  Sample(X );
3 znearest  Nearest(V , zrand);
4 xnew  Steer(znearest, zrand);
5 If CollisionFree(xnew) then
6 znew  xnew(T );
7 V  V [ {znew};
8 E  E [ {(znearest, znew)};
9 End If
10 End For
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Important note:  

Sampling-based algorithms do not require 
   constructing the configuration space! 

All we need is a “collision checking” function, which is often easy to implement.
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Fig. 9. Rapidly exploring random trees of 13,600 nodes and solution trajectory for the planar body with unilateral thrusters
that allow it to rotate freely but translate only in the forward direction.

RRTs generated during the planning process, and Figure 11
shows one candidate solution found after a total of 16,300
nodes were explored. The average total computation time for
this case was approximately 1 minute. The tolerances used
for state connection were (ϵp = 0.1, ϵv = 0.1).

4. Three-Dimensional Body with Rotation (dim X = 12).
Finally, we show two results for underactuated rigid bodies
in a 3-dimensional world. These examples lead to a 12-
dimensional state space.

The first result is a fully orientable satellite model with
limited translation. The satellite is assumed to have momen-
tum wheels that enable it to orient itself along any axis and a
single pair of opposing thruster controls that allow it to trans-
late along the primary axis of the cylinder. This model has a
12-dimensional state space:
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The task of the satellite, modeled as a rigid cylindrical object
of radius 0.2 m and height 0.6 m, is to perform a collision-
free docking maneuver into the cargo bay of the space shut-
tle model amid a cloud of obstacles. Figure 12 shows
the trajectories explored during the planning process, and
Figure 13 shows a candidate solution found after 23,800 states
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Fig. 12. Rapidly exploring random trees constructed during planning for the fully orientable satellite model with limited
translation. A total of 23,800 states were explored before a successful candidate solution trajectory was found.

extension. Using the second property of the basin, inputs will
be chosen that ultimately generate a vertex in Ai .

In each iteration, the probability that the random sample
lies in Ai is at least p; hence, if Ai−1 contains an RRT vertex,
then Ai will contain a vertex with probability at least p. In
the worst case, the iterations can be considered as Bernoulli
trials in which p is the probability of a successful outcome. A
path-planning problem is solved after k successful outcomes
are obtained because each success extends the progress of the
RRT from Ai−1 to Ai .

Let C1, C2, . . . , Cn be i.i.d. random variables whose com-
mon distribution is the Bernoulli distribution with parameter
p. The random variable C = C1 +C2 +· · ·+Cn denotes the
number of successes after n iterations. Because each Ci has
the Bernoulli distribution, C will have a binomial distribution,

(

n

k

)

hk(1− h)n−k,

in which k is the number of successes. The expectation of the
binomial distribution is n/p, which also represents an upper

bound on the expected probability of successfully finding a
path. !

The following theorem establishes that the probability of
failure decreases exponentially with the number of iterations.

THEOREM 2. If an attraction sequence of length k exists, for
a constant δ ∈ (0, 1], the probability that the RRT fails to find
a path after n iterations is at most e

−1
2 (np−2k).

Proof. The random variable C from the proof of Theorem 1
has a binomial distribution, which enables the application of a
Chernoff-type bound on its tail probabilities. A theorem from
Motwani and Raghavan (1995) is directly applied to establish
the theorem. If C is binomially distributed, δ ∈ (0, 1], and
µ = E[C], then P [C ≤ (1− δ)µ] < exp(µδ2/2), in which
δ = 1 − k/(np). The expression in the exponent can be

simplified to − 1
2np + k − k2

2np . Note that e
−k2
2np ≤ 1. This

implies that exp(µδ2/2) ≤ e
−1
2 (np−2k). !
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Fig. 13. The docking maneuver computed for the fully orientable satellite model. The satellite’s initial state is in the lower
left corner, and the goal state is in the interior of the cargo bay of the shuttle.

We now consider probabilistic completeness. Suppose that
motions obtained from the incremental simulator are locally
constrained. For example, they might arise by integrating
ẋ = f (x, u) over some time !t . Suppose that the number
of inputs to the incremental simulator is finite, !t is con-
stant, no two RRT vertices lie within a specified ϵ > 0 of
each other according to ρ, and EXTEND chooses the input
at random. It may be possible eventually to remove some
of these restrictions; however, we have not yet pursued this
option. Suppose xinit and xgoal lie in the same connected
component of a nonconvex, bounded, open, n-dimensional
connected component of an n-dimensional state space. In ad-
dition, there exist a sequence of inputs, u1, u2, . . . , uk , that
when applied to xinit yield a sequence of states, xinit = x0,
x1, x2, . . . , xk+1 = xgoal . All of these states lie in the same
open connected component of Xf ree.

The following establishes the probabilistic completeness
of the nonholonomic planner.

THEOREM 3. The probability that the RRT initialized at xinit

will contain xgoal as a vertex approaches 1 as the number of
vertices approaches infinity.

Proof. The argument proceeds by induction on i. Assume
that the RRT contains xi as a vertex after some finite num-
ber of iterations. Consider the Voronoi diagram associated
with the RRT vertices. There exists a positive real num-
ber, c1, such that µ(V or(xi)) > c1, where V or(xi) denotes
the Voronoi region associated with xi . If a random sample
falls within V or(xi), the vertex will be selected for exten-
sion and a random input is applied; thus, xi has probability
µ(V or(xi))/µ(Xf ree) of being selected. There exists a sec-
ond positive real number, c2 (which depends on c1), such that
the probability that the correct input, ui , is selected is at least
c2. If both xi and ui have a probability of at least c2 of be-
ing selected in each iteration, then the probability tends to one
that the next step in the solution trajectory will be constructed.
This argument is applied inductively from x1 to xk until the
final state xgoal = xk+1 is reached. !

7. Conclusions

We have presented the first randomized approach to kino-
dynamic planning (LaValle and Kuffner 1999). We believe
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Figure 5. RRT_BIDIRECTIONAL divides the computation
time between two processes: (1) exploring the state space
and (2) attempting to grow the trees into each other. Two
trees, Ta and Tb, are maintained at all times until they become
connected and a solution is found. One tree is extended in
each iteration, and an attempt is made to connect the nearest
vertex of the other tree to the new vertex. Then, the roles are
reversed by swapping the two trees. The current algorithm is
a minor variation of the algorithm presented in LaValle and
Kuffner (1999). Previously, in each iteration both trees were
incrementally extended toward a random state. The current
algorithm attempts to grow the trees into each other half of the
time, which has been found to yield much better performance.

One drawback in using a bidirectional approach is that a
discontinuity in the trajectory will generally exist at the place
in which the two trees connect. A number of techniques can
be employed to make the trajectory continuous. Classical
shooting techniques can be applied to either half of the trajec-
tory. It might be possible to slightly perturb the starting point
of the second half of the trajectory to force it to begin at the
end of the first half of the trajectory. In this case, the second
half of the trajectory would have to be reintegrated and tested
for collision. Finally, it is possible for some systems to apply
a steering method to connect the two trajectories.

If no techniques effectively remove the discontinuity, then
one can use a single-RRT approach to bring the system from
xinit to a goal region Xgoal . Instead of sampling randomly
from X, samples can be biased toward Xgoal . For example,
with probability p, a sample can be selected from Xgoal ; oth-
erwise, it is chosen at random from X. We have performed
successful experiments with single-RRT planners and several
different sampling techniques. It is possible to obtain rea-
sonable performance for numerous problems; however, the
bidirectional algorithm is far superior when it can be applied.
In practice, we have not experienced any difficulty applying
the bidirectional approach.

5. Experiments with Hovercrafts and
Spacecrafts

Several kinodynamic planning experiments were conducted
on challenging problems. The algorithm was implemented
in C++ on an 800-MHz Intel Pentium III PC with 256 MB
of memory running Linux. The systems considered involve
both nonrotating and rotating rigid objects with velocity and
acceleration bounds obeying L2 norms.

5.1. Dynamic Model

All experiments used a dynamic model in a nongravity envi-
ronment derived from the Newtonian mechanics of a three-
dimensional rigid body (Baraff 1997). For some examples,
the allowable controls restrict the reachable state space to a
subspace of less than 12 dimensions, but a general model was

adopted for simplicity in testing and comparing a variety of
vehicle models. We consider a rigidbody B of mass M and
body inertia tensor I and define the following quantities:

p = [px py pz]T global position of the center
of mass

q = [qθ qx qy qz]T unit quaternion representing the
rotation in SO(3)

v = [vx vy vz]T linear velocity (i.e., v = ṗ)

ω = [ωx ωy ωz]T angular velocity

The full state vector of B is given by

x(t) =

⎛

⎜

⎜

⎜

⎜

⎝

p(t)

q(t)

v(t)

ω(t)

⎞

⎟

⎟
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⎟

⎠

.

The state vector consists of 13 real numbers, but the state space
has 12 dimensions owing to the constraint that the quaternion
must be of unit norm ||q||2 = 1. Each control u ∈ U defines
a force-torque pair (F, τ ) acting on the center of mass of B.
The equations of motion for the system can be defined as

ẋ(t) = f (x(t), u(t)) =

⎛

⎜

⎜

⎜
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⎝

ṗ(t)

q̇(t)
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v(t)

1
2 ω̂(t) · q(t)

F
M

R(t)I−1R(t)T τ

⎞

⎟

⎟

⎟

⎟

⎠

,

(2)

where ω̂(t) · q(t) represents the quaternion product between
[ 0 ωx(t) ωy(t) ωz(t)]T and q(t). The rotation matrix
R(t) and its transpose R(t)T are computed by converting
the quaternion q(t) to its equivalent matrix representation.
Details on this conversion, and sample C code for a similar
model, are given in Baraff (1997). Useful references on the
use of quaternions to represent orientation include Shoemake
(1985) and Mayo (1979).

5.2. Distance Metric

All experiments used a simple metric on X based on a
weighted Euclidean distance for position, linear velocity, and
angular velocity, along with a weighted metric on unit quater-
nions for orientation distance. The positive scalar function
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of motion:

[LaValle & Kuffner, “Randomized Kinodynamic Planning”, 
International Journal of Robotics Research, 2001]



Conclusions 

•Motion planning problems are embedded and 
essential in almost all applications of autonomy  

•The key aspect of the problem is its continuous 
configuration space.  

•One effective way to solve continuous-space 
planning problems is sampling, which creates a 
discrete abstraction that we can search. 
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Fig. 12. Rapidly exploring random trees constructed during planning for the fully orientable satellite model with limited
translation. A total of 23,800 states were explored before a successful candidate solution trajectory was found.

extension. Using the second property of the basin, inputs will
be chosen that ultimately generate a vertex in Ai .

In each iteration, the probability that the random sample
lies in Ai is at least p; hence, if Ai−1 contains an RRT vertex,
then Ai will contain a vertex with probability at least p. In
the worst case, the iterations can be considered as Bernoulli
trials in which p is the probability of a successful outcome. A
path-planning problem is solved after k successful outcomes
are obtained because each success extends the progress of the
RRT from Ai−1 to Ai .

Let C1, C2, . . . , Cn be i.i.d. random variables whose com-
mon distribution is the Bernoulli distribution with parameter
p. The random variable C = C1 +C2 +· · ·+Cn denotes the
number of successes after n iterations. Because each Ci has
the Bernoulli distribution, C will have a binomial distribution,

(

n

k

)

hk(1− h)n−k,

in which k is the number of successes. The expectation of the
binomial distribution is n/p, which also represents an upper

bound on the expected probability of successfully finding a
path. !

The following theorem establishes that the probability of
failure decreases exponentially with the number of iterations.

THEOREM 2. If an attraction sequence of length k exists, for
a constant δ ∈ (0, 1], the probability that the RRT fails to find
a path after n iterations is at most e

−1
2 (np−2k).

Proof. The random variable C from the proof of Theorem 1
has a binomial distribution, which enables the application of a
Chernoff-type bound on its tail probabilities. A theorem from
Motwani and Raghavan (1995) is directly applied to establish
the theorem. If C is binomially distributed, δ ∈ (0, 1], and
µ = E[C], then P [C ≤ (1− δ)µ] < exp(µδ2/2), in which
δ = 1 − k/(np). The expression in the exponent can be

simplified to − 1
2np + k − k2

2np . Note that e
−k2
2np ≤ 1. This

implies that exp(µδ2/2) ≤ e
−1
2 (np−2k). !
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