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§Today
◦ Section 12.2

§Wednesday
◦ Chapter 15.1-15.4.1, 15.5

Relevant Reading
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§ First micro-quiz in lecture on Wednesday

§ Will start around 3:50

A Reminder
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§ Programs that help us understand the world and solve 
practical problems

§ Saw how we could map the informal problem of 
choosing what to eat into an optimization problem, 
and how we could design a program to solve it
◦ Saw how a decision tree can help find a good solution to 

an optimization problem

§ Now want to look at a class of models called graphs
◦ Nice way to formulate many problems
◦ Often lead to nice optimization problems

Computational Models
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§ To capture relationships among entities
◦ Rail links between Paris and London
◦ How the atoms in a molecule are related to one another
◦ Business/social/political connections
◦ …

Why Graphs?
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§ Understanding a social 
network
◦ Diffusion of misinformation
◦ Homophily (clusters of 

people with similar 
charactersistics)

◦ Bridgers (people who 
connect different groups)

◦ Etc.

Example: Modeling Social Networks
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§ Not the Königsberg bridges problem itself

§T he way Euler solved it

§ A new way to think about a very large class of 
problems

What’s Interesting About This
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§ Building graphs
◦ Nodes
◦ Edges
◦ Stitching them together to make graphs

§ Using graphs
◦ Many well know problems and algorithms for solving 

them

Implementing Graphs
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§ Digraph is a directed graph
◦ Edges pass in one direction only 

§ Adjacency matrix
◦ Rows:  source nodes
◦ Columns: destination nodes
◦ Cell[s, d] = 1 if there is an edge from s to d

= 0 otherwise
◦ Note that in digraph, matrix is not symmetric
◦ Uses O(|nodes|**2) memory

§ Adjacency list
◦ Associate with each node a list of destination nodes
◦ Use O(|edges|) memory, therefore good for sparse graphs

Common Representations of Digraphs
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Class Weighted Digraph, part 2
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Built and Print a Graph
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§ Shortest (unweighted) path from n1 to n2
◦ Shortest sequence of edges such that

◦ Source node of first edge is n1
◦ Destination of last edge is n2
◦ For edges, e1 and e2, in the sequence, if e2 follows e1 in 

the sequence, the source of e2 is the destination of e1

§ Shortest weighted path
◦ Minimize the sum of the weights of the edges in the path

A Classic Graph Optimization Problem

6.0002 LECTURE 3 27



! B78/78J%0%=.E64%N=.C%.84%5761%6.%08.6;4=

! V4:7J878J%5.CCE875067.8%846K.=P:

! &.J7:675:%.N%C064=70G%;08/G78J

! B78/78J%0%<06;%N.=%0%C.G45EG4%6;=.EJ;%0%5;4C750G%
G0M1=786;

!]

8)7(,8%)"'(0',P#'%,P")Q/(70

!"###$%&'()*+'%, $W



§ Algorithm 1, breadth-first search (BFS)

§ Algorithm 2, depth-first search (DFS)

§ Algorithm 3, Dijkstra’s algorithm

Finding the Shortest Path
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All use divide-and-conquer:  if we can find a path from a source to 
an intermediate node, and a path from the intermediate node to 
the destination, the combination is a path (but not necessarily the 
shortest) from source to destination 
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§ Uses a LIFO (often called a stack) instead of a FIFO
queue

§ Finds multiple paths, not just one

Implementation Like BFS, Except
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§ BFS fast for unweighted graphs
◦ But early stopping does not work for weighted graphs

§ DFS easily modified to deal with weighted graphs
◦ But slow

§ Gets us to Dijkstra’s algorithm

BFS and DFS
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But First, a Five Minute Break
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§ Generalization of breadth-first search that does not 
require edges to have equal weights

§ Uses a priority queue instead of a FIFO

Dijkstra’s Algorithm
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§ unvisited: list of nodes that have not yet been visited.
◦ Initially contains all nodes in graph

§ distanceTo: a dict mapping each node to the minimum 
distance found so far of that node from the start node
◦ Initially zero for start node and infinity for all others

§ predecessor: a dict mapping each node to a predecessor 
node on the shortest path found so far from start to that 
node
◦ Initially None for all nodes

§ Visit nodes in increasing order of distance from start (as in 
BFS), updating distanceTo and predecessor
§ When all nodes visited, construct shortest path from 
predecessor by working backwards from end node

Three Key Data Structures and Basic Idea

6.0002 LECTURE 3 41



§ For current node (initially start node), chose a node 
with shortest distance from current node to visit first
◦ This is the metric defining priority queue 

§ Check each of its neighbors
◦ Calculate distance from starting node to neighbor

§ Will show implementation that assumes all edges 
have equal weights
◦ Almost trivial to adapt to unequal weights
◦ But need to leave something for you to think about

Outline of Algorithm
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§ Suppose edges have non-negative weights?
◦ DFS and BFS have to explore all paths
◦ Dijkstra’s (suitably modified) does not

§ All-nodes shortest path

So, Why Bother with Dijkstra’s Algorithm
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§ Notice that end doesn’t come into play until last step 
of algorithm

§ predecessor can be used to quickly find a path from 
start to any node in graph

§ If algorithm run using each node as start, and result 
stored, can quickly find shortest path between any pair 
of nodes
◦ Need not start from scratch for each starting node

All Nodes Shortest Path
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§ Graphs are cool
◦ Best way to create a model of many things

◦ Capture relationships among objects
◦ Many important problems can be posed as graph 

optimization problems we already know how to solve

§ Depth-first and breadth-first search are important 
algorithms
◦ Can be used to solve many problems

§ Dijkstra’s algorithm better for finding shortest path in 
large graphs with (non-negative) weighted edges
◦ Many variants optimized for specific applications
◦ Especially useful for multiple tasks

Summarizing
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